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Abstrat
We use mesosopi non-equilibrium thermodynamis theory to desribe RNA unfolding under
tension. The theory introdues reation oordinates, haraterizing a ontinuum of states
for eah bond in the moleule. The unfolding onsidered is so slow that one an assume loal
equilibrium in the spae of the reation oordinates. In the quasi-stationary limit of high
sequential barriers, our theory yields the master equation of a reently proposed sequential-
step model. Non-linear swithing kinetis is found between open and losed states. Our
theory unies the thermodynami and kineti desriptions and oers a systemati proedure
to haraterize the dynamis of the unfolding proess.
Keywords: RNA folding, master equation, mesosopi level, mesosopi non-equilibrium
thermodynamis
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1 Introdution
The understanding of how biomoleules fold to reah their funtional state, is a fundamental
problem. Folding is the result of ompetition between innumerable intermoleular events, to
eventually reah the state of lowest energy. A partiularly interesting ase is the folding of
ribonulei aids (RNA), due to their vital role in the ell for information transfer, regulation,
and atalysis. The RNA moleule is relatively simple, and the folding proess is hierarhial [1℄.
Experiments using a fore to unzip the RNA helix-loop, have shown that eah base pair in
the moleule undergoes a transition between a zipped and an unzipped state, see Fig.1. This
transition has been modelled by the kinetis of rossing large energy barriers whih separate the
losed and open onformations [2℄, [3℄.
Biomoleular proesses have been approahed using lassial thermodynamis and reation
kinetis [4℄. Classial thermodynamis gives equilibrium quantities suh as energies of states.
Classial kineti studies give transport properties suh as ativation energies and rate onstants.
A minimal kineti model, whih an aount for many proesses taking plae in biomoleules, is
the ativated jump model for a single energy barrier, see e.g. [5℄, [6℄, [14℄, [15℄.
Both lassial studies are useful, but one may ask if there is a more general basis for both
studies? The answer is not obvious as lassial non-equilibrium thermodynamis, a kineti
theory with a thermodynami basis, deals with linear proesses only [11℄, [12℄, while kineti
results indiate that highly non-linear phenomena are involved. Furthermore, how an one apply
a thermodynami analysis to the events in one moleule?
There are arguments in favour of a positive answer to these questions, however. Firstly, it
was shown by Hill [7℄, that despite the lak of a thermodynami limit, small systems suh as
biomoleules an be dealt with, using the priniples of equilibrium thermodynamis [8℄. Ther-
modynamis of small systems was thus used to desribe strething experiments performed with
single-moleules [9℄. Seondly, many experiments are performed with the moleule embedded in
a heat bath. For this reason it undergoes Gaussian utuations, whih makes the underlying
stohasti proess ompatible with non-equilibrium thermodynamis priniples [10℄.
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Figure 1: The unfolding of RNA by means of a fore F . The numbering of base pairs start at
the open end. Bond no 12 is being broken.
It has thirdly been shown that when non-equilibrium thermodynamis is applied on the meso-
sale, i.e. to small distanes and short time domains, one an perfetly well aount for the full
non-linear dynamis of the proess. The theory proposed, alled mesosopi non-equilibrium
thermodynamis, has been applied to dierent situations involving ativated proesses [16℄, [17℄,
[18℄. A simple feature explains this possibility: by adding the linear ontributions to the rate,
obtained when the system proeeds along the path onneting the initial and the nal state,
a non-linear behavior is found. The restrition of giving linear relationships does therefore not
invalidate the use of non-equilibrium thermodynamis methods for the desription of ativated
proesses.
In this paper, we will thus show that when suh a mesosopi desription is applied to RNA
unfolding, one an reprodue the master equation proposed in a kineti desription [2℄, [3℄.
The paper is organized in the following way. In setion 2, we present the sequential-step model
used to analyze the unzipping kinetis of a RNA moleule subjet to an external fore. In Setion
3, we show that eah step in this proess an be viewed as a one-dimensional diusion proess in
whih the diusion urrent is the unfolding rate. The linear regime of this quantity is disussed
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in Setion 4 showing that lassial non-equilibrium thermodynamis provides a desription of
this regime. Our approah to the kinetis of the proess is presented in Setion 5. Finally, in
Setion 6 we summarize the main harateristis of the theory presented.
2 Ativation over sequened barriers
The sequential-step model [2℄, [3℄ for RNA folding under tension (fores above a few pN) desribes
the opening and losing of base pairs at the boundary between the doubled-stranded region and
the single-stranded end to whih the fore is applied. The moleule an then be found in dierent
states identied by the terminal losed base pair n, where state n = 1 is the ompletely folded
state and state n = N is the ompletely unfolded state. The total number of base pairs is N −1.
Fig. 1 shows the onguration of the moleule in one of these states.
The model assumes that the proess an be desribed by the transiton-state theory with the
opening and losing rates of the base pair n upon appliation of an external fore F , respetively
given by
ko(n) =
1
τ
exp(−
go(n)
kBT
); kc(n) =
1
τ
exp(−
gc(n, F )
kBT
) (1)
Here go(n) is the energy neessary to open base pair n at zero fore, gs(n, F ) is the energy
assoiated with strething the newly single-stranded setion of the moleule by the fore, and
τ is a mirosopi time orresponding to the diusion time of a few-nm-size objets [19℄. The
model assumes that the energy needed to bring two nuleotides lose enough to bond is large in
omparison with kBT .
The dynamis of the model was desribed in terms of the probability ρn(t) for the moleule to
be in state n at time t. The evolution of the probability in time followed the master equation [2℄
ρ˙n = −[ko(n+ 1) + kc(n, F )]ρn + ko(n)ρn−1 + kc(n+ 1, F )ρn+1 (2)
with the ondition ρ0 = ρN+1 = 0. This equation is similar to the one used to desribe nuleation
kinetis, where the rates orrespond to adsorption and desorption of partiles to a nuleating
luster [20℄.
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3 The unfolding rate
A desription of the dynamis of the folding proess an be found through the onservation law
ρ˙n = −jn + jn−1 (3)
where the unfolding rate of the nth base pair is given by
jn = −kc(n+ 1, F )ρn+1 + ko(n+ 1)ρn (4)
and j0 = 0 for n = 1. The onservation law toghether with the expression for the folding rate
oinides with the master equation (2).
An interpretation of the unfolding rate an be given from its expression in the ontinuum
limit in whih ρn(t)→ ρ(n, t) and ρn(t)− ρn−1(t)→ ∂ρ(n, t)/∂n. Writting jn in the equivalent
form
jn = − [kc(n+ 1, F ) − ko(n+ 1)] ρn+1 − ko(n+ 1) (ρn+1 − ρn) (5)
we onlude that the term inside the square braket an be interpreted as minus a veloity, i.e.
a net progression from one state to the next, and ko(n+1) as a diusion oeient for the time
rate of hange of the probability density of state n.
In the stationary state, the unfolding rate vanishes and when Eqs. (1) and (4) are used it
implies that the ondition of detailed balane
ρn+1,st
ρn,st
= exp(−∆G(n, F )/kBT ) (6)
is valid. Here ∆G(n, F ) = go(n)− gs(n, F ) is the energy hange upon opening the nth base pair.
This ondition ensures that the stationary probability density of state n of the moleule is given
by
ρn,st = ρ1,st exp(−G(n, F )/kBT ) (7)
where G(n, F ) is the stationary value of the energy of state n relative to state 1, given F ,
G(n, F ) =
n−1∑
m=1
∆G(m,F ) (8)
and G(1, F ) = 0.
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Figure 2: A RNA strand, with a bulge at n= 7 and altogether 17 pairs to break
Consider for the sake of illustration a more spei example than given in Fig.1, namely Fig.2.
The moleule has a bulge at n= 7, and there are altogether 17 pairs to break. The moleular
Gibbs energy of the moleule in Fig.2 is pitured in Fig.3. We see the ontinuous inrease in
energy as the pairs are breaking, and the dereases aused by the bulge and the loop. The inserts
in Fig.2 give more details on the path taken, as one bond is breaking. In partiular we see the
path aross the ativation energy barrier. The heigth to ross to open a bond is go(n), while the
heigth to ross to lose a bond is gc(n).
The hemial potential relative to the stationary state is
µn = kBT ln
ρn
ρn,st
(9)
The unfolding rate an then be expressed by
jn = −
ρn,st
τ
exp(−
go(n)
kBT
)
(
exp(
µn+1
kBT
)− exp(
µn
kBT
)
)
(10)
whih has the form of the law of mass ation.
6
Figure 3: The moleular Gibbs energy as a funtion of the moleular state as given by the number
of pairs broken (n) and the fore used (F ). Inserts show the reation oordinate.
7
4 Non-equilibrium thermodynamis for the linear regime of the
folding rate
We show in this setion that lassial non-equilibrium thermodynamis [13℄ provides a desription
of the proess only in the ase when the state of the moleule is not far from the stationary
state [14℄. In this regime, the unfolding rate is given through the linear approximation to Eq.
(10) and is therefore proportional to the dierene between base pair hemial potentials. To
obtain the expliit expression of the rate under this ondition, we use the statistial entropy per
moleule
S(t) = Sst − kB
N∑
n=1
ρn ln
ρn
ρst
(11)
whih also an be expressed in terms of the hemial potentials as
S(t) = Sst −
1
T
N∑
n=1
ρnµn (12)
Here Sst is the entropy of the moleule in the stationary state. By taking the time derivative of
S(t) and using the normalisation ondition:
N∑
n=1
ρn = 1 (13)
we obtain the entropy prodution rate
S˙(t) = −kB
N∑
n=1
ρ˙n ln
ρn
ρn,st
= −
1
T
N∑
n=1
ρ˙nµn (14)
Using now the probability onservation law (3), this quantity an be expressed as
S˙(t) = −
1
T
N∑
n=1
(−jn + jn−1)µn (15)
or likewise as
S˙(t) = −
1
T
N∑
n=1
jn(µn+1 − µn) (16)
From the entropy prodution rate and in aordane with Onsager's theory we an infer the
value of the urrent
jn = −
1
T
∑
m
lnm(µm+1 − µm) (17)
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where the oeients lnm are Onsager oeients. If the unfolding rate is only oupled to its
own onjugate thermodynami fore, we obtain
jn = −
ln
T
(µn+1 − µn) (18)
where we have dened ln ≡ lnn. If we identify the Onsager oeient with
ln =
ρn,st
τkB
exp(−
go(n)
kBT
) (19)
this expression oinides with the linear approximation to Eq.(10). In the next setion, we show
that the omplete kinetis of the unfolding proess follows from a non-equilibrium thermody-
namis sheme formally similar to the one used here.
5 Kineti desription of RNA unfolding based on thermodynami
grounds
A omplete desription of the RNA unfolding proess an be given if we observe transitions
between states on shorter time sales, or, when the swithing kinetis over eah barrier an be
viewed as a diusion proess. The slow evolution of the system over the barriers in the time sale
onsidered, justies the assumption that during the opening or losing of base pair n the moleule
passes through a sequene of loal equilibrium states haraterized by the reation oordinate
γn. The oordinate was illutrated in the insert of Fig.3 for n=5 and 7.
To obtain the form of the n'th unfolding rate jn, we follow the proedure indiated in Setion
4. Our starting point is the statistial expression for the entropy
S(t) = Sst − kB
N∑
n=1
∫
1
0
dγnρn(γn, t) ln
ρn(γn, t)
ρn,st(γn)
(20)
whih an also be written as
S(t) = Sst −
1
T
N∑
n=1
∫
1
0
dγnρn(γn, t)µn(γn, t) (21)
where the hemial potential along the γn oordinate relative to the stationary state is given by
µn(γn, t) = kBT ln
ρn(γn, t)
ρn,st(γn)
(22)
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The normalization ondition in this desription is:
N∑
n=1
∫
1
0
dγnρn(γn, t) = 1 (23)
To alulate the entropy prodution rate, we follow the proedure indiated in the previous
setion. From the time derivative of this expression, we obtain
S˙(t) = −kB
N∑
n=1
∫
1
0
dγnρ˙n(γn, t) ln
ρn(γn, t)
ρn,st(γn)
= −
1
T
N∑
n=1
∫
1
0
dγnρ˙n(γn, t)µn(γn, t) (24)
Using now the probability onservation law
ρ˙n(γn, t) = −
∂
∂γn
jn(γn, t) (25)
we get the equivalent expression
S˙(t) =
1
T
N∑
n=1
∫
1
0
dγnµn(γn, t)
∂
∂γn
jn(γn, t) (26)
Partial integration then yields the entropy prodution rate
S˙(t) = −
1
T
N∑
n=1
∫
1
0
dγnjn(γn, t)
∂
∂γn
µn(γn, t) (27)
The linear ux-fore relation whih follows is
jn(γn, t) = −
1
T
ln(γn, t)
∂
∂γn
µn(γn, t) (28)
where ln(γn) is an Onsager oeient dened along the reation oordinate.
When the energy barriers are high enough, the system ahieves a quasi-stationary state
haraterized by a uniform urrent jn(t) given by
jn(γn, t) = jn(t) (29)
If this expression is substituted into Eq. (26), one obtains
S˙(t) = −
1
T
N∑
n=1
jn(t) [µn+1(t)− µn(t)] (30)
In the derivation of this equation we used the onditions ρn(1, t) = ρn+1(t) = ρn+1(0, t) whih
imply that µn(1, t) = µn+1(t) = µn+1(0, t). Equation (30) oinides with Eq. (16) obtained from
the disrete analysis.
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We now show that the ontinuous analysis leads to the non-linear law for the observed
unfolding rate. For this purpose, we take the fat that the Onsager oeient ln(γn, t) interpreted
as a ondutivity is proportional to ρn(γn, t). The unfolding rate an be written as
jn(t) = −kB
ln(γn, t)
ρn(γn, t)
ρn,st(γn)
∂
∂γn
e
µn(γn,t)
kBT
(31)
We use that ln(γn, t)/ρn(γn, t) ≡ dn is independent of the γn oordinate. Furthermore we
onsider the quasi-stationary limit given in Eq. (27). Dividing this expression by the stationary
probability and integrating over the oordinate then gives
jn(t) = −Dn
(
exp(
µn+1(t)
kBT
)− exp(
µn(t)
kBT
)
)
(32)
where
Dn =
kBdn∫
1
0
dγnρ
−1
n,st(γn)
(33)
Through the denition of the hemial potential (9), Eq. (30) an be written in the following
form
jn(t) = −
1
τ
(
ρn+1(t) exp(−
gs(n, F )
kBT
)− ρn(t) exp(−
go(n)
kBT
)
)
(34)
where
1
τ
=
Dn
ρn,st
exp(
go(n)
kBT
) (35)
In this equation we did not give τ a subsript n. The reason is that Dn/ρn,st as well as go(n)
are in good approximation independent of n. By substituting the obtained form (33) for the
unfolding rate and the oresponding one for jn+1(t) into the onservation law (3) we obtain
the master equation (2). We have then shown that a straightforward analysis in the ontext
of mesosopi non-equilibrium thermodynamis leads to the observed kinetis of the unfolding
proess. The theory developed provides also a motivation for why τ does not depend on n.
6 Disussion and Conlusions
In this paper, we have shown that a pertinent non-equilibrium thermodynamis treatment of
the RNA unfolding yields the same master equation as the one proposed in a kineti treatment
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of the problem. We summarize the reasons why our method an give a general desription of
kineti proesses taking plae in single-moleules.
We view eah step in the unfolding of the moleule, not as a sudden swith, but as ouring
via many small intermediate steps leading the system through a virtual ontinuum of states.
When a non-equilibrium thermodynamis sheme is applied, not to the global transformation
but to these small swithes, the resulting linear ontributions to the rate integrate to give the
observed non-linear behavior. A thermodynami desription of the kineti proess is legitimate
when the intermediate states persist on the time sale onsidered. Therefore the states along the
γ-oordinates an be onsidered as thermodynami states. This ondition is fullled when the
system has time enough to equilibrate loally during the transformation, and the ativated jump
an be viewed as a diusion proess. Following these ideas, embedded in the theory of meso-
sopi non-equilibrium thermodynamis, we have analyzed the RNA unfolding under tension,
arriving at the result that kineti and mesosopi non-equilibrium thermodynmis desriptions
are equivalent.
Classial non-equilibrium thermodynamis, however, performs an analysis of these proesses
in terms of only two states of the moleule: the initial state and the nal state reahed after
the transformation has taken plae. Sine the laws derived within this framework are linear, it
neessarily leads to linear relationships for the rates as a funtion of hemial potential dierenes.
These relations onstitute only aproximations to the kineti laws observed [14℄ and therefore an
only provide a partial desription of the proess.
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